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CHA PTER I

T;:TI-~aDucTIoN

~n this thesis we will treat the initial boundary value problem

for incompletely parabolic systems of partial differential ecuatlor;:.

p Incompletely parabolic systems are of the form

(1.1) (
~
) =c: ::~c~ 

+ C:D
such that

4

u = P (x ,t ,D ) u
t 4

is a second order Petrovskii parabolic system, and

= c~ x,t,D)v

is a first order hyperbolic system. (The precise definitions will be

given in Chapter ii.) The operators A(x,t,D) and B(x,t,D) can be

arbitrary first order linear differential operators , where

D = (_ i~~~
_
~~~... 

~~~~~~~~~~~~~~~~~~~~~~ 

.

Incompletely parabolic systems arise in many applications , we

present the following two examples.

1
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l~ Coupled ~oun~ ~ .1 ;. -~~~~ luw ~ i . Vcnyer [1’, 
~~~

. 17L~~~.

- ,  4~
4— — —

+ ~

C = C ~
—

‘~1

~or ~he high er  dimensional e~ uatior i :  see !y~ sta [114 , p. 2 10].

2)  ii~~~ou~ Shallow Water Flow.

U = U-- u - UU -~~rit x x

V = L~ -V - ~iV - V-V -
t X

— - c u —~~.v - u ~ - v -
t x y :-: y

This second example is a non-linear system; however we will consider

only linear systems.

The literature on incompletely parabolic systems is sparse. The

first example above, due to Richtmyer [ l’~ 1, appears to have stimulated
the subsequent research. Novik [13] and Lions and Raviart [ 9] proved
existence theorems for the Cauchy problem using very different methods.

Novik used finite difference approximations to prove the existence of a

solution while Lions and Raviart used functional analytic methods . The

name “incompletely parabolic” comes from the paper by Belov and Yanenko

3 1, in which they discuss the smoothness of the solution.

2
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In all of the above , ~be leading symbol of the par-iaolic

operator P~x ,t,D) was assumed to be r e ga t iv e  de f in i t e  and the leadir.g

symbol of ~~~~~~~ was taken to be sy1mT~etric.

Difference schemes for Example 1 are discussed by Fichtmyer [in

- see also f~ich trnyer and Wortor. [17], and ~orimoto [11] ), and differenice

ccheme: for other systems are ~:iven by E~jasta [114] and Lion: and

:aviart [ ~ ].

It appea rs that  the init ial  boundary value problem has not

been ~reated in any generality befo re. The results of Lions and

Faviart [ ] can be applied to coercive boundary condition~ . -fe kn ow

of no other treatment of the initial boundary value problem for ir icon-

pletely pa rabolic systems . Our approach is similar to that which hreiss

ured for strictly hyperbolic systems [ 4 1 .  In unpublished work , Kreiss

has applied the same method to parabolic eouations .

We have chosen to consider only problems that are well-posed in

the L2 no rm for several reasons . The f i rs t  reason is that the d e t e r m i r i - t i o n

of whether or not the problem is well-posed in the L2 norm depends only

on the highest order terms. Moreover, one need only consider the frozen

coefficient problems, that is, the constant coefficient problems that

arise by fixing the values of the coefficients at each point in the domain

being considered.

Secondly , in computing approximate solutions to partial differ-

ential equations by means of finite difference schemes , it is inport an

to establish the stability of the method. (Stability is the exact

3
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-
~~~1o~2J~ of well-po:edness. 

) - or vari ab le coeff ic ient  d i f fe rence  scheme s

• herc appear: to be no General approach to stability apart from examining

.ae :rosen ~oeftLcient problem. nut t h i s  approach can not be valid for the

tferenco etua i ons unless it also applies to the differential e cuations .

rnpor an -fe r :fW re to disain~ui sh that class of partial differ-

~~.i 1 ‘. t i ; t i O n c  for which  such a. approach is valid.

We -chief results of thli :  thesis are stated in Theorems ~.l and

JWCW chow that one an determine whether an initial boundary value

protlem is well-posed bj  checkir ; certain alGebraic condi t ions at each

c~~;d~rc pc-tm . fbo::e al~earaic conditions arise from examining the

frozen cceCficient initial aow~dar~ value problems for each boundary

~oint . Toe necessary aid sufficient conditions for constant coefficient

problenc nrc a half-space to be well-posed are stated in Theorems 14.5

and 5.1.

:e now briefly outline the remaining chapters. In Chapter II

we define most of the t erms and notations we will be using in this thesis.

Thapter III deals with the Cauchy problem for incompletely

parabolic sWstems. We establish an energy inequality and use it to

prove existence and uniqueness of solutions.

The ini t ial  boundary valu e problem on a half-space is the topic

of Thapter Ff. —fe first consider the case with constant coefficients

obta in in G necessary and suff ic ient  conditions for the  problem to be

well-posed in an L2 norm with scaling factors. The scaling factors

14
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are needed - o ao cc’n~udate  t a b  the parmd oh c and h. perboli c e:.a-ci or.

nhen u s i n G  a ~rd im1d i necua lity  we ox end ~~ result s to ‘iarf ab le

‘ot ~~ C i ’ c i e m m t  problemn i or: a half-spa -e.

In hapter V we introduce ar other scalinG of the L~ m orn. w}. I -Th

~s also appropria te for incompletel :j parabolic sy:~ ems on a half-spa -n .

Wan:- results are analogous to - hos e of ‘hapter IV and are s ta - .ed w - bout

proof. Th addition we show the relation between the v rious scalinGs .

-or the sake of completeness we also state the necessary and suffic~ent

conditions for the parabolic and hyperbolic initial boundary value

problems on a half-space to be well-posed.

The in i t ia l  boundary value problem on bounded smooth domain s is

treated in hap er Vi. -bc apply the results of the Cauchy and half-plane

initial boun dary valor; problems to obtain a sufficient condition for well-

posedness.

In ihapter Vii we present a theory of pseudo-differential opera - cr:

that depend on a parameter. We then construct the s3nmnetrizer p fc ,s~

which was used in Chapter IV. Fi~W ,s) is a pseudo-differential operator

with the parameter Re(s). We then prove analogues of b~rdin.t ’s

inequality. These are used in Chapter IV to extend the results for

constan t coefficient equations to those with variable coefficien ts.

In an appendix we give several examples to illustrate the nethod

presented in this thesis.

5
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:c- :- . : . -~~ .~~~~- !s .~

r. cJs ~ p -s w~- define mo mmy of the tnrm c a id  the  notations 

ed. ? .n fir:t -chapter we defined incompletely parabolic

- c c  ~ - m : .  a - ct i e r c -,-;;hIi parabolic systems and hypertolic systems.

•. “ m O ’ ~ ~~fe 0”  - 1 - i d : . :  :

:~~::o:~ c m. 2.1. f I ~::. . r )  i t o  secon d order linear d i fferent ia l

~pera or, tonr :e

f~x ,t~

i s  :-e r ovs~~ii parabolic if the elGenvalues 7. of P(x ,t,~~
) satisfy

~2.  ) cC ... ) +

for some positive constants ‘~~ and ~ independent of (x , t ) .

~‘n f i n it ior~ t.2. If ~~x ,t ,D) is a first order linear differential

operator, then the system

2.~~
) v~ Qcx ,t,1)v + f~x ,t)

is hyperbolic if the following hold.
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1. The e~~ enval-se:m f x , - . ) omrr- p ore ] y i s a -  :oar~
- .

cam” i : - :  n-~~r x  ‘-aL~~d fu n ct i o r :  T X ,t . so. bY.

-1

p

is di m±~~O r : m1 and

~I ~~~~~~~~~ H~ 
T ( ; - : .t .~~)~~~

for some c or~ct- -c.~ Ii.

T(x,t,~ 
) is us diffcren~ 1ahle in - x , t )  a: is ~ ( -x , t ,~

cation ~t. ~
) is st ri ctl y hyperbolic if all einenv lue: üf

the lead i~id symbol of - -c : , t ,~~ ) are distinct for ~

:or a vector a , a ’ will denote the tr anspos e and the con.~uGa te

- - p 
transpose will b-e denoted a t , similarly for  a matrix A , A t wi ll be

its con$unate transpose. if (Th)~~ 1 
is an n-tuple of matrices and

0. 
~ 

~~~ then

n
P C I’

• 1 1
i=1

Timila rly  for vector: x, ~ E P~~, x~~ will be the standard inner prod :i :o.

or vectors u and v in the iro ner product will be wri t ten u v

and the norm will be ~c i ven by

- - t 1/2u I = ~~u u)

ior a matrix A the norm will be

sup Au~

7
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~~. 
n~ l 

mLd u rind I riro nea :curo:le ‘zn-c ’. or fw ~ctionS

H -~~:, 10. ~. w~c

= I - 
e u x , t )  v x , t )  di do

mm:d , simil- m nly ,

• - -2’lt
- e u .x ,o- v x ,o , di do
O ~~~~.

he ~-: r r n : c m n d i n c  norm~: or e ~~~ ~ ‘r o d  u respect ive l:- .

We shall use w~ to denote - he norm of the funct ion w in the

Tooolev  sp -ce ;; r ;)~ The subs cr i pts “1” and ‘ r on the  norms have

aui te  d i f f e r e n t  meanings , hut t h i s  should cause no confusion.  We will

~~ op the  “
~~~~

‘ arid ‘~. “ whenever it is clear from the context what

Then L2 = ~ n we have the  relation

. .
~~

O n 
= I ~~ ~~~, ~ + ~~) I 2 dW dT

~oo

wher e

= ~~ 
n+l)/2 i e

_5t 
e~~

°
~~ u~x,t) dx dt

i-or f C L2 (~~. )  we define II f ,

!

+ by If~ 
= f ( x ) 1 2 dx.

8
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. f ’ i n Y i o m .  2 ..~~ ~‘e say a ft~n c t i o m m  fcx) tends to a constant a: H - -
~~

1) there is a constant f such that f(x) , f -a: x l  ‘

- ~id ,, - -j  f ~x . 0 as x - ~ or all tt -, - .p

-- ti::io on 2 . V .  We say a function h (CL , s )  has par -Th ol ic  homogeneity

of b ecree  ~ if for cc > ~p

h~~~~,p 2 s)  ~r hTh,s)

• I r o  I larlo- Ic cc- . s )  h ’mS hyperbolic homogene ity of deGree r if

h(c~~,cmm ) = ~r hIw ,s

Arc c i c c eb r a l o  lemma we will need several times it

,.orsm u 2.1. If A I: an a a rmi - t rj x  -and B is a b b ma~ r i - . h er

the

2 . 5 )  p:’: - = c

has a unique solution if and only if no eigenvalue of A I: also an

ei0envalue of B. Moreover if b is the minimum distance between ‘ h e

olgenvalues of A and B, we have

• ( )  li x I l ~ k ~ -l ± J B J ~ ) a~b-l IC

for same constant k. j

9
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m’ ;n f .  by Johur ’ s TLoortrc (- . acob icon { 14 1 , pace 1b~- ‘here  are ortnogonal

ma~ r i ce s  and 02 tu~~ tha t

A = h t A; and =1 1

050 lower and upper trlar -ular, respectively.

Then (2.5) becomes

~2 . 7)

V = and 2 = :~~~~r il ote that ~ l! = lx i and = !lc~.
Te can rewrite (2.7) as

- = C i k  - 

~~~~~~~ ~i j~ jk j < k  
Yi jbjk

E criation ;2.~~) is a recursive formula for the elements of V in the order

y11, :c~~~ y21’ ~~~ 
y22 , ... ,

i cuation 2 . 4)  follows easily from (2.- - ) .  We also have that if ~~~. .  = b- 
ii kk

f or  same indices i and k , we lack either existence or uniqueness.

‘his proves the lemma.

10
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CHA PTER III

f i LE IAU C II Y PbGI3LE ~1 i- Oh I L  2O’-ff LET ELV PAbJd~cLIV CY U i E ~~

We now consider the  Tauchy i roblerm for incompletely parabolic

systems and give same conditions for its well-posedness.

We rewrite ~l.l) a:

U 4 
= 

i , ( 
m o.Jx,t)~ + 

k=O 
~~ (x,t)v + F

1
(x ,t )

n n
= 

-

~~ B ~x . t ) u ÷ ~~ (x,t )v  + F (x , t )
k=O k X

k k=O K X
k 

2

• where w = ~-c,v )’ , w -x ) w x ,G) and u and v are vectors of dimension

• p and : , respectively.

The lower order terms in (1.1) have been dropped in (3.1) for

simplicity, but It is easily seen that they do not affect the subsequent

• results.

We seek conditions under which (3.1) is well-posed .

• Definition 3.1. The system (3.1) is well-posed if there are constants

I and q~ , independent of w
0 and F = (F1,F2

) ’  suoh that for 
~

C ( II w ~II~ ÷ lIFII~
) .

Equation (3.1) is said to be ill-posed if it is not well-posed.

11
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We consider “ .1) in i-elation , to the two systems

n
u = - -  P . .  cx , t )u
t . . ij  x.x .

1 ,~

= 
~~ 

Q~~(x , t )v
k=O

I.e have assumed that ~~14) is hyperbolic , we now show that such an

assumption is necessary.

• Theorem 3.1. If 3.1) has constant coefficients, a necessary condition

for c3.l) to be well-posed is that the eigenvalues of

(3 .5) 
k—C ~k~ k

be purely imaginary.

Proof. We Fourier transform (3.1) in the spatial variables and obtain

u 
= 

P (~ ) iA~~ u 
+ 

F1

v
~~ 

iB~~ iQ~~ v F
2

where ~(~
) = -~I~ p~ ~~~~~13 1 3

A well-kn own necessary condition for well-posedness is that the

eigenvalues of

P(~~) iA~~

iB~~ iQ~~

12
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have t h e i r  real parts bounded above for all ~. Low let 7 (e) satis~~

— p L~~)
det = 0

— i B ~~ 7. — ~~~~~~~~

I c C we replace ~ by and ~
(
~

) by ~~ ‘( ~~~~) then ( 3 . 4 )

became s

~
-(2P

~
c (

~~~~~~~~~~ :~~:)= ~~~~~~~~~~~ ~~
) = ° .

Low suppose a root of p(~’,~,o) = det(-P(~ )) det (~ ’ - i~~~) had a non-

zero real part. Vince 7’ (-~,o)  = -7’(~ ’,O) we may assume

I~e 7-~~(~~~ O) > c

hy restricting ~ to 0 ‘= ~ < o , we obtain

Re ?\~ (~0~~
) > c > 0

Tut then 
~~~~~~ 

= ~
_ll,(~~~ ) has arbitrarily large real part as

f7 — 90. This shows that (3.1) is ill-posed if (3.5) has roots which are

cot imaginary.

Theor~~i 3.2. If ~3.3) is Petrovskii parabolic and (3.14) is hyperbolic,

then (3.1) is well--posed.

13



~roof. cur proof will rely on the theory of pseudo-differential operators.

We t n - f i n e  the symbols

P (x ,t ,~~) -L~

c y x , t ,~~) = j  
~

and similarly A~ x , t ,~~) ~~rd B cx ,t ,~~) .  We set H
2

(x, t,~~)

where T(x,t,m ) is as in Definition 2.2. Following Kreiss 7], we can

construct a pseudo-differential operator H1(x,
t,~~) so that we have

a) i.e H
1
P ~~~- + d l

We : 2
,,

b ) H
1 

and H2 have lermitian symbols and

-1 
C
0 ~ 

:~~, 2

for some positive constants c0, 1, 5.

Low for a Solution (u,v) to (3.1) we set

E = (u,c1
u) ÷ (v ,H2

v)

where the inner product is the usual L inner product on ~~~~~~~~~ We then have

2 Be[(u,ii
1
u
t
) ÷ (V , I2Vt

)) + (u ,11 1fu) ÷ (v,i ,
~t

v)

= 2 Re((u,H1~~
) + (v ,H~~v)  + (u,Ii 1

Av )  + (v ,h2
Bu)

+ (u ,H1~’1
) ~ (v,~~F2 ) )  + (u,Fl 1~u) ~ 

(v ,i iptv).

111~
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~~~~~~~~~~~~~~

Low using ;~ rd i r~g ’ s Ln e :uahioy and ~3.(r ) we can estirm.ac e th e  first ‘ W o .

terms by

CE -

and the second two terms by

C E ÷

and the last four terms by

— 
CE 

~
- 11F 11 2 

-

So we have

P 1 .d) E
t 

< CE + F~
2 

- c~~u~I
2

and, this implies ( 3 . 2 ) .

We shall need two other energy inetualities that are proved in

a similar way.

(3.10 ) I l w ( t ) I I ~ ÷ I!~~(t ’ ) !l~ dt’ 
~ 

C~5 ( F w
0 i f IF ( t ’ )(~ d t ’)

f or all t ~ [O ,T1 and all integers r.

(3.11) Jw~~ 
÷ iI~~II2 < C ( l w0~~ - Re (w,ilF)

1
)

where

15
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( 

1 

c2
)

i t :  C:.i ) -L: e norms are hose of the Sobolev space .. r (~fl+l)

-e now give a short proof for the existence of a solution for

‘ on- ‘auchy problem m3 .1). be modify the proof given in Taylor [it ]

for r”,-rrose- r i o  L :,Teriolic systems .
r ,r

i:or convenience we will write w (u ,v ) ’  c 
1 2~~ ) ~~r r

- 1,~~ - -  2 -~~ .. r r, n -f-1~ ~r , r ru C I: ~~m )  and v E ii , s ,~. Let ;: = :: ~~ ) and :: = • :

Theorem 5.3. If w
0 Hr and F E L2([O ,T], H”) then the Cauchy

croblem (s.i~ has a solution w(t) such that w V L2([O,TJ,H~~~~
r 4

aal w C((O,T~,H
r.r). 

-

•

Proof.

.;e abbreviate ~s.i) by

3.12) w
~ 

= K x ,t,D)w F.

• n-l-lLet .5 x) be a Friedrichs mollifier on ~ for 0 ‘ç <

and consider the equation

(5.l3 ’
~ w~ K J w  + F

= K (x,t,D)w + F

16
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~~~~~~~~~~~~~~~~~~~~~~~~~ —— ~~~~ 

• -

p with w = w0 at t = 0. Equation (3.13) is an ordinary differential

equation on H
r
. Using the standard Picard iteration procedure, we obtain

a solution w of (3.13) and W~ a C([0,T], H’). Let

p

0

ii ~~X , t ,~~~) =

o Ii
2

x ,t ,~~)

it was shown in the proof of Theorem 5.2 , bloat

I: x,t,~~) ~-:~ 4x , t ,~~) i\x ,t,~~)

-c1~
2 ÷ c0 0

H x , t ,~~) .
0 C

0

It then follows easily that

2—c ’~ ~ c~ 0
1

IlK ~- 1< H . I I

0 0 ’

where the constants c~ and c!~ are independent of e. This implies ,

t
(3.114) ~W (t) ~t

2 I ~~~ 
(t ’ ~2 ~~~~~ ,

• r 0 r

t
( 11w I~ + I II F ( t ’ )l~

2 
dt’)

— r ,T O r  0

for all c € (0,11.

17
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II -uation -~~.i14) implies that (w ) is a bounded subset of

L
2
~ [:s ,T ] , il r~~~

r ). it follows from J.l3) that ~w~) is a bounded

. r-l ,r-l • -subset of ,[ ,i J , . ; ). Integrating we see tha’.

~‘.l5 )  
~
w°)0< .K l  is an equicontin ou: fanily in  C ( [ 0 , ] , : r~ 1~ r_ 1 )

E -sation -3.114) also implies thu .

Is a bounded subset of for each

t ~ [0,1].

We now apply Wellich’s compactness theorem (Agmon [ 1 ], page 30ff)
koo

w~oh Ascoli’s theorem to obtain. 1,’ a subserouence (w of

1 
where C

k 
-~ 0 as k T ~~ and a function w € C([0,T],H~~

1)

such that w “ t) converges to w(t) in ii (o) uniformly in on

each bounded open set - cF~~~~. Therefore w(t) satisfies (3.12 )

weakly.

I -e have shown that we have a solutIon w ~ c ( [c , : ], I~~~~) for

each w0 C 
m r r and F C L~ ([0,T],H

r). We now show that w €

Let w0,~ ~ 
1r+l and F. € L

2({o,T],H~~
1) converge to w

0 ~~

and F in L2([C ,TJ,ll ’) respectively. Then as above we obtain

€ C([O,T],H”)

which solves

w = K w~~~F. with w ((l)=w .t 3 0 ,3

13
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Using the energy inequality (3.10 ) we see that w . is a Cauchy

sequence in C([O,TLH”- which is complete. It follows from unique-

ness that w~ must converge to w. We see that w F C ([O,T) ,Hr),

and the energy inequality (3.10 - shows w ‘- L ([0,T],H

19
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I ’e will now consider the i n i t i a l  boundary value problem for the

system \l.l) on a half-space. ‘c begin by considering the case with

m o r s t a n t  coeff ic ients  arid without lower order terms. Later we extend

this to systems a’ith variable coefficients and lower order terms.

I- .1. Preliminaries

I.e rewrite ~1.l) as

n
u = ? u  ~~~~~~P u  ÷ P ut 0 ~~ k=l 1k 

~~k j , k=1 23 k

n
+ A0V + ~t A~v + F

1
(x,y,t)

X k=l

n n
v = B u  L u  ~~~~~ + C v  + F ( x ,y, t )

~ ~ k=l k 
~k 0 x k=1 y~ 2

on the region x 0, y € ~~~°, t > 0. On the boundary x = 0, we impose

the boundary conditions

( 1 4 . 2 )  T u ÷ u + S v = g (y, t )
x k=l ’~~~ k 

1 1

+ Sv = g2
(y,t) -

•

20
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- t

where g
1 and g

2 -ire vec 4 ors of dimensions b
1 

and b2, respect lvelo- .

We will also assume

u 0 arid v C at = 0 -

As in 11m - mpt cr I, we will assume that the system

ri 10
u = P u  ~ ~ ‘ -a - ut xx 

~~~ 
l K .~3~ j,k=l ~2jk 

~~
‘
~ k

is Petrcvs le ii  parabolic and we make the fur ther  assumption that the :ys’en

n
(C . 1 4)  = -s C v

~
‘ i x k - r

is s t r ic t ly  hyperbolic.

Pecall that u has dimension p and v has dimen sion c.

Without loss of generality we may assume that is diagonal

and

0

where C and I-~ are diagonal matrices of dimension q ‘ -o and

• -~ q,~ , respectively. In particular, note that we are assuming that

the boundary is non-characteristic.

We begin to analyze the system (14.11 by Fourier transforming

in the y variables and Laplace transforming in the t variable. Set

21
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~ e St 
~~~~~ w~x ,y, t )  dy d~

n O

• L i s  - r -s :forn ’ (C .l ) to  -an o~’dica ~~r d i f fer en t i a l  c-ouaaion with ‘ h e

i m , L ep endemoo vari aL le x.  in, wh at  follows we- shall not w r i t e  the “ ‘

or, th e  tr a nsf o~~ n-d dependent variacle:, th is abuse of n ot -a t io r .  should

F c-soso no di fCic~ l c .

He can express ‘• he resulting ordinary differential emuation as

a f i r s t  order system by -ief1nin~ an additional dependent vari’ma l e

2 -1/2
U = U + 

T

-also 1e • 5 ~~~~~ 1-Ic then  have

t.~~) 

C~~
) (i~~~~~*5

1 
~~

1V O I ~1
•V

(o  0 -P~~A0 /
0 0 (iP~~ P1~~~P~~ A0 

+ jA ~~
1 ) ( ~0 0 -i~~~B5 P~~ A 0 / ~ v

~~~~~~~~~~~~~~~~



- -  
_ _ _ _ _ _ _ _ _ _ _ _ _ _

- ~~~
‘“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

r- 11. ( ,c) Q~~ (s 
-

P (w ’
2 

.:, -‘ - a  
P o x  j  x

The- i oundary conditions at >: 0 become

b.7) Ci

i ~~~~ ii :) (
~
)

= ( ::~) 
~ 

((T
i

I~~
1
C. ) ‘

In both (C .E-~ ani (14.71 the second term on the right-hand side is a

lower order term ani toes not affect the following analysis.

Lett int :  w I’c , U . v ’ ~-cc can rcwr~ te U )  and ç 14 .7  as

w = l~~- .c -w + F(x,o~,s)

I’~ w,s~w = g 7 J c ,s) at x = 0

where we have dropped the lower order te~~ s, and F 
~~~~~~~~~~~~~~~~~

g = (g 1
0 ,g,~ ,

,- •1
C -

~~~~—-~~ A~._. - 
--~~~~~~~~ • -~~~~- --
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-Co mow pause in uur ari’ml;’s I :: to soi, s I ncr w:a’ we mean , by

“ w ’-l l-puse-i” . i erhaps toe nm os ’ a tural  d e fi n i t i o n  for the  weil-posedness

a f  t m e  s y st e m (C.l—C.3- is :

L e f i n l ’ . i c ’ r: ~ .2. The i m ~i t i  ti bo~~~-iax’y value pro h lemm. C .  1—b .~~~
- ) is well—

posed if  t h e r e  are so r ot ’ o .o s  1 and C0 such that  for any solut ion

we have

I •~~ - - P 2 2 I 2• ‘ v - r + u ‘ v
‘1 ‘1 1 1

< 
, 2 

~ lv + 
2 U . ,

— U i~~ 1 1 1  2h

for all 1 >  ~~~~~ . (Recall 
~.iI ‘i. - 0 d, = = ~~fl+l )

owe-rer, this definition is inade :osote for otu- analys is via

ecm uatiori L .b). It will become apparent later that the  natu ra l  definition

of well-posed” for the system ( 1 4 . B )  is the foliov cc- .

C e - f i n l  1c m C. .
~~~ Ate system ~1 4 . 5 )  ~~ ~-we ii-pused if’ ‘ n - i c  are oons tam ;

~ and A , such th -at for any L2
~~~~

) solution of ~14 . B )  wi th  I > i~~.

we have

L .lO ) f e  cüu ~J
2 I! ~~Ij ~~

) + ~~v 1u 1 2 ÷ ~~2 
~ 1v 2

< C
0

(~ g~
2 

+ J~F ( )  

~~~~~ --~~~~~~~- -- - -—--- -~~~~~~~
--- - - - -- ~~~ - - - ---—- -
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HiI~ tirerm gives us uri ’tlt ornate definition for t h e  weli-posednes:

of ~~~~~~~~ Hirs~, let ~ and I l be the pseudo-differential opern ar

with symbols ~ - •~ ~)l/2 ‘nd = (w
2 

+ 5)J/t, re-spe c’ ivel~
’.

He will give a sPur: dis-sos sion of pseudo-differential opera: ‘-rs that

will be :uffioier, for our r eeds in t~- mpt er  V I I . ’ in, anale-vy to

Pefinition 14.3 ~-.e mak e the following definition.

lef ini t iom: Ui .~ She initial l ous dary value problem 14.l - 14.~~~ is S-v 11-

posed if the re  are -cons tan ts  1. and C0 uch that  for any solu~ i n n  we

have

• (b .ll ) Pego , Hc + Fe ,R u + l i v ” ju~
2 

~~
m
u Iv- I x x~~ 1 1 x l

‘ (~ Ii 1; 2 
+ 

~ 
2 I I  P 

~ ~l~~

’

• — -O 
~l 1 2 1 11

for all

She problem wIll cc said to be 5-ill-posed if it is not

c-well-posed.

I-fe then have he followino - vu ‘ : en-rems.

Theorem P .1. The ini~ - i mt1  i n a dc rt ; value prot lem (U.l-14.~~
) is a-well-

posed if and only if  the sym- ers - 1,~.B) is 0-well-posed.

Thcorers 14.2. If the- initial -o’s -iar~ value problem ~14.l-14.~~) Is

0-well-posed ‘he r  It is well-posed.

-fe will give A pro -~~ of heor °m ~4 . l  la 1 rr .

L ,  
_ 

—---• --• - ~~~~- • • - - - • • • • • • •
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roof of Theorem 14.2.

uation ( 14 .~~) follows from 1.11) since

~~~~ : 5~~l 1 ice ~u , au 1
1 , 0 ~~.

ar:d ~F~~g < 1

• 
. i. ime matrix ~~ s )

it  is essential for t he  following amm - mlysis that we examine the

mat r ix  •~~—o , s )  closely. We w r i t e

I:11
(w ,5) 0

~1+ .l2 ) 1; :- , s)  =

i;~. ~~,s )  T~~~~c- - , s )

where

1:11
(01 , 5 )  = 

~~~~~~~~~ 

~~~~~~~~~~~

L21
(W,s) = f - i Q

0~~ .w , _Q
0 ~~

a)

and

L22 ,s )  = i-2w ,s) ~~l(~ - ~~~~

2(

_ _ _ _
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-

a

i s a 2 p~~~ 2p m a t r x a n d  ~~~ i s a n - ’ ~~matr ix , and so tPe c-i -eo-
p 

values of ThW,s) are precisely t~ ose of U
11 -and 

~~ 22~~ 
- c also nc’c

the homogeneity properties of the components of U. and 
~2l

!,ave parabolic homogeneity and 1122 has hyperbolic homogeneity, i.e.
p

for p > 0

b .13) :~11
(~ i - ,p2s) N11

(n ,s)

t
- 2s) = i s ,  

1
mL , 5 )

and

- -c now examine ‘be eigenvalues of 7.

Theorem F,- ..~~ The eigenvalues ~ of C
ii

(n , s)  are the roots of

d e t ( P J 2 
+ i i

1
.o~A + P 2

(W ) - s)  = 0

Por Pe- s — _ 0
1

~~~H w,5) / , the re  are p elgenvalues with positive

real par-s and p with negative real parts. ~a1 is a positive

constant less th an  ~ , - D e f i n i t i o n  2.1).) Moreover, for Re s > _ r
l

there is a positive -constant c such that

L .l5 ) f- c 
~ 

c 42 + s i .

27
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f r u o f .  L ru’mtion C.l141 follows easily from ‘be definition of 11’

-or i.e s t’ - 

1
c ’, ~ui ,s) / 0, if ? were pure imag i nary we would have,

Py Def i r it iou 2.1,

- • 2 2u e s ~~~ —~~~(l t 
~~~~~~~~~~~~~~

< _
~~
I
i~~ 

sRe s

wh ich is a contradiction . Ho Ice7 (CL ,s) is not zero. - or 0: 0, he 5 > 0,

I~(C ,s) satisfies

det - s)  =

which  ShOW S that the ) ‘  s are the eigenvalues of f ~ç ~
_ l/2  

and hence spli

into two groups of p elements each. ‘Inc oroup contains the  eigenvalues

with positive real parts, and the other those with negative real parts.

2 - - 2
:nally for i- ‘- s 1, se s > -‘,

3,
W , we have l~ e ~ I C 1- 0

b-’ c ompactness. Then c~-4- .l5 ) follows by homooenelny .

We have an analogous theorem for N22.

Theorem 14. 14. For he s > 0, the eigenvalues of N
22

p1 ,s) split into

ow groups. There are q eigenvalues p with Fe p K 0 and q~
’

eigenvalues ~~ with Re p~ > 0.

Proof. If p is an eigenvalue of N
22
(W ,s - i,

0 = det~ p - I~2~~(°’, s ) )  = det Q~~~~ 
det (s - -

So if p is pure imaginary, s must also be pure imaginary, hence

fe s ~ 0 implies Re p ~ 0. For Re s > 0 and (U = 0 , p is an

eigenvalue of sQ ’1 and by (14.5) the theorem follows easily.

2(
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~ .3. The Boundary Condi t ions

:rom the above we see that  the space of L
2 ( I -  ~

) solutions

of the differential eiuation .14.C ) has dimension p -m when Fe s > “ .

So, it is necessary * 0 g ive  at least p + s boundary conditions to

im s ure uniqueness of the solution. If more than p + q boundary conditions

are given we cannot insure existence. Because of this we make the

following assumption.

b.:sump’ iomm 14.1. We assume that  there are precisely p c boundary

condit ions . i .e .

l ~~
b2 = p ~~ q

~-1oreove r , we assume that b1 is minimal in the sense that any linear

combination of the rows of ( 14 .2 )  does not diminish the number of rows

containing derivatives.

The assump . ion on the minimality of b1 
is inserted since adding

one of the first b1 rows to all the rows would make a a-well-posed

problem become 0-ill-posed. This would be tantamount to replacing t I - c

tern Ig2 l~ in (14.11) by the stronger

lIe now define the eigensoluiions of the system ,14J ~) and of

: -i ven any vector v of dimension q, we can decompose it as

v = ~v
’ ,v~

’) ’ where v consists of the f rst q components and v
+

consists of the last q components.

29
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Hefinition 14. . ~~~~~~ is an eigensolutton of paraboli c type at

(uc ,s) if it s a t i s f i e s:

14 .1-’ ‘~ 
a) u,v0

) / 0

~
) (w,s )  / 0, i-c s C

-c ) su - ’ P u  + i p . m s u + P ( w ) u,O x ~’ 1 x 2
a)  v~~~~C ,

e) F u  i- iT ~°)u=0lx  2

Tu *- C-v0 = O  at x = 0 ,

u L4(F~~ ) and v
0

Def in i t ion  14 . ”. u ,v)  is an eigensolut ion of hyperbolic type at

po ,s)  if it sa t i s f ies

(14 .17 ) a )  -u ,v) /‘ 0

b )  U)~~~~0, i - e s > 0 ,

c )  0 = P u  + i p .wu~~~~p (cn)u ,O x ,x 1 2

d) sv = if u + iB~Wu ~
- Q v + iO~u-v‘ O x  -

e )  71u 4- iT2~ U.’u 0

+ Sv = 0 at x = 0 ,

f )  For Re a 0 , u and v are in L
2
(IR ÷

), and for

Ife s = 0, u is L2 (]R~~ ) and v is the limit as
+ 2 -Re s 0 of L Y~~÷

) solutions to d) .

We now state the main theorem of this chapter.

30
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Theorem 14.5. The initial boundary value problem 14. i -14 .~~) s 5-well-.

posed if and only if i t  has no eigensolu’- ions of either p-crane-lit cr

f~ Terb oliC type .

Theorem C. 5 follows immediately from I’f ,eo rem C . 1 and th e

following theorem .

Theorem U .-’. She syst em - 1 4 .~~) is a--well-posed if and only if it has no

eigensolut ions of either parabolic or hyperbolic type.

p

b .14. The Proof of Theorem 14(~~

Before we give the proof of Theorem 14.( we introduce some

p 
notation. By Theorem : L.~ - and L .14 we have for f-,e s > 0

= E ym- , r )  
Q 

E - -,s

where iI -/~ ,~~) (resp. E
4-
(a-,c)) is the span of the generalized elgen-

veo ’ors of 7~: ,s) whose eigervalues have negative (resp. positive 1 Ii
real parts. for ~ ~ we write

— 4- -w = w (o,s) + w pn , s)

w~~~-r r-
p 

4-
w— U5 ,s ) ci ~

-
~

— .s)

m .~~ pr of — f  l eorem h . ( depends hea vily on ‘ I r e  following t eorem

W F , O 5( :  pr of is ‘ ‘m v c r .  i n 2 apt or  VII .

-‘1

_ _ _ _ _ _ _ _  
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The orem ~~~~~~~~ - or the system: ~14i3 ) there exists  a ernitian matrix

F ~~~
- . 5 )  s a t i s f y i n g  the following :

- 14. 1 a )  i.e h c c , s ) U (o- , s )  > d(W,s)  where

( 0 i l~~ 0- op
=

O

= i• e 0 = F:e~~~ + ) l/2

t - - + 2 - 2w F : - ., s w > c0A 1w u- , s ) (  - 1w ~w,s ) i  ) ,

where ~ is a posit ive constant which may be taken

ar b i t r a r i ly large , en- > 0.

c 1 F - ~-c , s)  is a A~ function of i - - -- , s )  for (U E 3R~~, Re S > 0.

a)  The norm of R (W ,s ) is bounded independently of (w , s) .

e) The lower left q x 2P submatrix of Re RN is zero for

s I  -°l ’
~~~ 

si > c2.

The proof of Theorem 14. (.

We begi n by showing that the nonexistence of eigensolutions

implies that ( 1 4 . 1 4 )  is well-posed. Then we show that the existence of

eigensolutions implies that (14.8) is 0-ill-posed.

Applying the results of Theorem 14.7 we have

(14.19) o
~ (ii u~~ I~~~~~~~~~

) ÷ I I I v ~~ < R e (w , FJiw )~

= Re (w,Rw )
÷ 

- Re (w ,RF )~
i t  / ,~,4

~~~~~ 
~~(x~~) 

Re’w ,R~ ÷

ic (Iw i
2
~~~lw

+
i
2) 4- 4- C I I F I ~~

32
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p

P -- c m o w  w r i  t€ ’  - 1 0  o-oo :[arj -condit ion of ~C .8) a:

- ‘ (i~- , s w = g~ O ,s ) — T’ -y ,s )w ,

P
and show that  we- have the es t imate

(14.2C) w i  <C 0 I T ’

for some constant  C0 mci Re s = I — ‘i n- for some i~

Huppose ‘Thin’ ~14.2O) fails, then there is a sequence

with Fe s
~ ~~ 

‘

and solut i ons w C L2 (~~ - 
) toV 1’

w = i~Dic .5  -w
V ,x V -  V -5

with w
~
cx = o ) I  = 1 and IT’ -! ,s

~~
w
~~i ~ 0. i~iere ‘ire wo cases

to consider.  F i r s t  suppose th in’ for the se - c uen -c e ( 14.21) ,

~14 .22 ) 
~ i/ i s > a 0

for som e constant a. In this case we normalize ‘is fo1lows~

( I w ~~~~ i~~~ ÷ is~~l
2
~~~

2

= 5 /P , ‘ = c :  /- , X ’ =
V V V ‘s V V V

w x ’ .- - ‘ ,s ’ ) = w ~X p L ,s
V V V V V V

_ _ _ _ _ _ _ _  ___  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____  _____  —-- --
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- , a , . - 
-

~Ow S :r i c e  p- 
~ 

5 V 
= 1 and w

~~i u )  = 1 there is a sub-

se macnec such that 1- ’ ‘ , 5~ ) -ond W
V 
(0) converge to Ic- ’ , s ’ ) and w

-‘lithout loss of :cm ~ m r - ~i ty  we can assume tb-at the or ig inal  se’iuerce

c 5 m vur ae : .  In terms of the normalized quantities we hav e

i ,. -= 
~~~~ 

= 
~~~~ 

i (U~~, 5~~~ ) W ~ = 
~~ 

1.(P
~~

’ , s ’ w
V .

We now consider the components of iI~a ,s).

p
V 
ll ~~

’ V~~~’
°V~ V~ 

= 
ii~~~ , 0 l5 )  , • W ’ , O )

am id s imilarly for and

7 a ’ , p s’ ) = (
~~ ‘ , s’ - U ~~O ’

P 22 v S  V V  T h ’ i-

So that in the limit

( N
11f c1. ’ ,O) o

N~ 1
(W ’ ,0)  II 2~~- ’ ’ ,S ’)

and the b oundary condition becomes

( 

iT2 -r~~ T1 0

\

\ 

w = 0 .
T 0 H

-- ---— -—

~ 

~~~~~~~~~~~~ ‘
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ilso note that- 1w ’ -‘ a/ . ifu l . these arc precisely - I .e  con —

d i t i o~r s fo r  (u , v )  to  m e  an -b ‘entolut ion of }g,-’perhcll- : ‘ Irpe- at • - ‘ ,s

where w = (u , , v ) .

‘he Se cond case to ‘cons lifer 15 when
p

~ 0 as V ~~~~

‘n - normalize as follc-w:

2 ) l/2
V ‘ ‘. V ‘

4

2:‘ = s /  , • ‘ t / O  . >m ’ = x  , ~mV V V i V V V ‘1

I-,~-a in , we can ass ume t h a t  :.~~, s ’ )  and w
~~

(o )  converse ’ t o  - ‘

and w .  lIe car, also assume t hat  
~V

’1
~~V

1 converges to s’ . -‘c

- hen have

(uV
’
\ (uV

’
\

) = :;~~ ~~~~~ ~
\ uV J V

and

- - ( ~~~ 5 V V ,-  
( u~~

÷ 
I s

~~ 
‘n-l ~ 

V ‘ 
5V 

~V

::ow 
- 

1/2
-

t

and - u
~~

. u
~
)’ is a bounded fur ” ion , so in the l i m i t  v ( x ’~ s nt i :f i e :

- —-— - -  _____——_____ — ~~~~~~~~~~~~~~ - , - - ,-_ - ~~~~
- -
~r- 
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= ~~~~ , s ’ ~v = QT 1s” v .

-‘f th i s  mp l ie s v~ = . We also n y/C

- -

t.- I ~~~~~ 
,~~ ‘

‘~rd the bucandar~
,’ condition necmomm ,es

= I)

These  c -su i :ions  -ire pre’:’lse 1~’ t ho se  for ‘
~~~~~(~~~

‘ ) , ‘~~~
) to cc an elgen-

solution of par-:ioll ype at n-- ‘ ~s ’ ) .

how any se-mi em -me 14 .11) has a subse-m ’ience satisfying either

\H .22) or ~U .2~~) and hence c’er,er-~te: an eigc-nsolut ion of either hyper-

i clic or parabolic :rpe . Ho from n-he nor -e:eistence of eigensolutions

‘in es t i mate of the  form: 14.2-t ) holds for some constants 0
0 and ‘L.

- - pp lying -L .p O )  to 14 .ip )  we have

(u ~ ~ -u 4-

2C0Ig - T’ -c-,s ) w
~~1
2 

- ( 1 w i

2 
-
~~ ~~iw ~~i

2 ) + wiI~ 
+ C~ F~~

-H (
~

g i °  ÷ ~J F Y ~~) - i w 1 2 
- iw 4 - 1 2 

~ - °l~ 
+ W (~~

how for ‘i suff ic ient ly  large and f’ taken appropria’el:r , ~-7e obtain



_ _ _ _ _ _ _  __  _ _ _ _

3~~~ u~~ ~ u J ~~) 
~ sl 1v i~ 

4- w~
° ~~~c( g i °  4- F :~~

)

Thi s is e rai ’,- - I m t  to (L .i- ~~. Ho I f  ‘ em - c’: no e ige -n :ol a t ions  ‘.l, cr ,

t h e  pro tlc -m c is 5- ,-m ’ :l l - ;- - e’1.

- fe m o-v sl ow - f i a t  t h e  cxi ’  t ence  of e b’ensolat lon :  l:m .pJ :e - : ‘ h a .

is

e f i m c i ’ l c m ,  14. 
-. 

or ‘a;: ma r,:-: I let F I’~) be the cp’ im. of ~he

‘emm er’ :li :- -i eflem ’- ,’es - : m’; nf’ f-I wiar ’c’ -or n- . pcm - iin ~ ci - envalnes ha—re

n eg a t i v e  real p ar t .  ‘h ’ 1- r1 , f - -s H-I

I s s i m e t in t ~‘c, v) 1:- -n ei em~~ola’• ion of , spc-rf o l ic  I. pe at

(c . S~~).  et

a’ ;-:) 

~~~~~~v(x )

Slier. w s a t i s f i e s

(i ii - . o)  U

: 14 .2 14 ) w~ 

~~ 
Il F 1~~~ ~~ 1 4 :

with t i r e  I o u ~ ciary com ’Ii n-ion

- :a c’vs2 ,~~~~~T-=~ ,_
~~~~~_- - - -  ,-=- .-
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1~ T
1 

0

I 0 H 
~~~~~ 

‘,% O) = o

- Jl ‘he- matrix in ~~~~ h* (c 0 ,s r ) . Thom the definition of

am. - - lse -m s cia-. ion of tire li -rae-mm oil c type we have

~~ P 0 - 5 > 0 ,

-‘ 

a’(o) a linc E i I y~~~;: ~ -J) i f  R e : . = 0 .
~ —~0

f-fe carc :::succo v -C ) IL.

I n - v  consider tl,~ e :uation

4 ;: ‘
~ = ::(,e- gs, +x -

OS + 0
=~~ J w ,

~\
-
~fI l~~~ I- ’ 05~~ + 9 )  “21: 

1ç ~JI i  , :5 4-

w h e r e  Ti = 0 if Re > 0 and is chosen posit ive othei~ ise.

and 

how 

E (Pi ~ t~:n- , 
~~~ ~ 

9 ) )  E ( ~~ P I (i - . ~~~~ + 9 ) )  

----— —--~~ - - - - - - -  — -——~~~ 
- --

~~~~



- -- - -
‘ ~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~

1 
‘i)  

(: i i(  
~~ )

+ 

~
) 0 

)~~~
÷ 

~
) l 2 F( c -~~~~ . 5 /

So ~~ l ( - ~ - . i s ‘i) is an an a ly t i c’  p r ’ cr m al ion of I, - j .:

Following Kato [ 5 ], ‘se can choose

~/ ( c- ) g H T h ~ O 0
. ~~~~,

such that

‘W (o ’) • w ( O )  ‘ iS p .

t loreover , we have

= T’ (a- , o 
0 

+ 
~~ 
w -

~~~ 0 as p

Thus we have solutions ~? to ~~~~ at ( - , s) with Re s arbitrarily

large such that F = 0 and as -‘~~~
= , w~ (0 ) i  —~ l and I g i  -÷ 0 .  This

shows (14.8) to be a--ill—posed.

Now assume that (u,v0) is an eigensolution of parabolic tyne

at 
~ b’~ o~~ 

Let

= (u , u /a-) where a = ( -
~~~ 

+ s~ ) 1/ .

then u sat is f ies .

5 q



~~~

iui— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
_______- 

-
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-‘
~~~~~

- - r m ; d

a - - ,s

PIr s t ’~ssume Pci w = ’ - , c = o 2 S -- 9 v t-re 9
I S ‘tS O ( S ’or cm . ‘om~s I 14 - m - the  :ulut :om.m: to

w -

x
‘ci tic

0 p )  E

S h c e

- 91p 2) 0

~~~1 4 , iO . s )  = (
~~ /c2) n-~~2 ~~~~~~ 

~~~~ 

~ /~ -2~

we see that

E~~ :: , - ,s)) -~~~ p : :
11

(
0, s0

) )  
~~~ ~~ \ II 22 (0~sQ ) )

as ~ . So we can choose w n (O f such that w~~ C ‘- ~u f 0 ) ,v0
) as

cm - ,

She boun dary condition then sa t i s fies

~~
‘ (w , s)  w~ (o) = gP o as p —

in the case s~ = 0 , let s = p~~~~ and we obtain a similar result.

I’h is implies that 14J~) is a-—ill—posed.

,ti ; . 1 1- we have now shown- is that ~1 4. -:~ i s  a-ill-posed if and only

if there ‘ir e  no eigerrs olut ions of e i ther  hyperbolic  or parabolic f~rpe.

T h i s  proves be an -n
Cr- 

,~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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P.5. ‘he Proof of Theorem 14.1

~ s:ume tha t. ~14 .14) is 0-well-posed ar id let ,u,v) be a s olu’ I on

~o (14.1—14. ‘ ) . Then their ‘ man s form : . :’ n - ’m L i E ~~~ 14.(), so we have

~e 
- ~ ~~~ :f~~ i

2 
~~
2 

i
2

< C 0
( I c ~~~(a~ T

1
:
~~’;~0

v ± i g 2 i + :L ÷ h
i

ni , S~~~~~~

where (W , s )v is ~}rc in-son-I term on the rIght—hand side of 14 . ~ ).

Since 
~ 

+ ~~~~ )~~_ l  
and iN1

((U,s )IJ < C, we have

-~~~2 ~-l~ -l~~ 2~ r~~- :2 ~~2 -i ’ 2 -l~~:2 ~~- 2m e  n-~~u~i ÷
+ IL ‘;. 4 - _ C: i s V ~~) 4 - 1 -~V — - u a , — a  ~~~‘n

< -li
c
(i0~

l
n
i

I 2 ~~~~~~ g
2 1 4- iI~~~~~~~~~~~~~~~

i
~~~~~~~~ i IF 2 n

hoc’ GI < ‘~ so we have , for I iar ’e enough , ‘- h a t

Re ~ J~~I I 2 +Re ~~~~~~~~~ ~~~ i~ + ÷

~~ 
, .

~~ 
~~i~~~ 2 4- - iH

’
1ii~ 

4- 
~~~~~~~

Ry lnrsevai ’s relation we have (~ .ll ) which show: (14 .1- f~.3i is a—yell—po se:.

how suppose 14. ~) is c-—ill—posed. The-n am’  shown in th e  cr — o f of ’

Ih eor emn ir .”, for any - 0 there is a solution w to (14.B) an- g’
~~~

s

114 .25) i w ( o ) i  F’ = 0

- -1:~e 
~o ‘ n I  ‘-

ii i
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: 4’J con side ’r i r ;n ’  i ie-  -~ddi~ ion of n -he lower order ‘.erms fri 14 .‘~ 
) we sari

obta in  L
2 ( a-  ÷

) solutions to

‘cm = ~~ + i P  ~ - -  a F ,o: -~ - -+- j~\ .  - -- - xx 1 ,‘ 2 0 -

= 
~

—
--

~~~~~ 

- i . - 

0~ ~ *~~x 
- i :~ -

;-:iai: n-b e bo ’atda~~,’ conditions

= 
1

- I-v =

l emma joy, 14 .i5) is satisfied with

1g 1 2 
= i o

_
~~~I 2 

~ ~~

I-fe now cons t ruc t  a solution to ( 14.i- 14.~~) as follows . Choose e > 0 and

.(y ) sat tsfying

= 1

and

= 0 if 1w - w0~ -

Let
s t

u x ,y .t )  = u f x )  1(y ) (e 0 
-

S t
= V fx~ 14~) 

~C 
- 

— 1)
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~u1

‘hen (u,~~ n - m i ’ i s f ’ cs P .p ~ am , l I _~-

p

1’ - - ~l
_ 

1 -’ - ’ - 
1

- 
~y- -I ~: -: - 1

p cm a

vi - ore

— -~: :~~~a ~~~~~~ 
- ‘~

‘
~~ 2 ~~~ C’1 ~e

’ - l~

p
Also -‘u .v~ sat isf ies  (-- .l~ v i t I .

F1 ,~~
‘
. t = [L  • ~~~~

, ) T 
~P2 ~~ ~~~~~~~~ 

\in- ) 
~~ ~x )  ‘ m.~v 4~ ~~~

_ 
~ x ’ j -j

p
a ~, x ‘~ I 145

• 
‘ . -

- I - I r W
0

—~ 4x - i p . 
~~

‘ 
- :-: ¼e 1 - 

- 
~~~- e’&’

p
w ::.onse ‘j - :e S ar :d set

= 1
” 

e 1 1’ Ie - iI ~~~ dt
p - - _  

C
- e n

~ v I ~ -- ~(I~ ii 
- c - ___

an - i we h:- vo the followi ng e s t i mat e s , here a-0 = (r ~ +

+ ~fl
1~~( 0 ) J 2 ] + 

c~
1

~~

I C 1 1
1 

., s(i ‘C2 , ,

~- -‘l 2 , 2 I -1- 2 - H - 1 ,  2 -iP -l
-
~~~ 111 1 2~~ 

(, 5~~ u H - v i  - a l ,

14 13 

- - - --— --—--—~~~~~~ —- - - -— --_ --- -
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I i 2 , I
~ - 

1 ~~~ T i ) ( I~~l~ ~-~~~
) + s j~ ~~~

‘s ~
) 

~~~ as . --c see ‘ ha t  we c-ar ; violate - 14 .11) cy ‘mh oo slm. j -

small enou 0i; and ~ close enough to ~~~. .

So we have sho~n~ m l an- if 14 .14-) is c-ill-posed so is 14.i-14.~~) .

‘hi: completes the  proof of th eorem 14.1.

P.-’. amiable oefficients  and Power rder I ern,;s.

We i- ow -m ;~: end he above results to systems with variable

c o e f f i c i ent s  -ard ~own-r order terms. H pec i f i c ’~lly we consider

o n
(14.2~~

) u P (x ,y . t ) u  ÷ 1- . -~x ,y, t 1u ~T • ,  (x ,’~.t)ut 0 xx Xy j  ~,k=l
c
~~ 

-

4- A0 (x ,y , ’: 1v P A
k

x ,P,t v
- 

> ] _

mc
C
0

(x ,y, t ) u C~~ :-m,y,t )u
- -  k - -i

— 
- ÷ C114x ,y, t ) u  ÷ :112 x , y . t i v 4-

v = B0 -, x ,y, t )u  + ~b Bk~
X
~

V , t ) U  o~~ x , ’ - , t ) y  4- 

k=l ~~~

‘ 
‘
~~R’~

’

4- :,1 (x,y,t)u + C
22

x , y, t v + F’
2 ,x . ’:, t )  .

he boundary conditions at x 0 are

1414

_ _ _ _
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i : 1~~~. 1 4 ;  ‘S , j , t  a 4- 514 :.t)u = 11

1 
.y,t v

i3[~~t ~~~ - H.y,t v =
a

u = 0. v = 0 ‘:, ‘ 
~, - .

fe ‘~ssu::::- t ic ’: t -ill ‘i.e -can -f’ f I c i e n t  ma’ r i t e s  a re ~
‘-5r c’ ’ or :

and - em 0 i O  cons tan t values ‘is nice - i r ar ’uments te’ d a I: Ci -

Define

= e1’ e~~
’ (u I~~ ;,ar~~ ,

w

p Ii e:~ P .pI ) can 1:-c w r i t 4 - emc as

w ~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~ I-’

p

‘si n-rn- ::(x.-:. -. . D , D .~ i~s a p:oi-:Io-differential operator whose 51,~~5çj

0 0

- t
o

rn- ) -ip~
1

:
1~

co 0

- -l _ 
- -1,, -l - . - ;~~ - a c r n-~ (s — i,~ - - -

and Dn-~
x ,y, t , D ,D •i) is a bounded pseudo-differential operator.

S = ~-r where  ‘r is t h e  dual Fourier variable of ‘ .

As we will show in f’I~apter  Phi l , we ma n coris i r m ; c t  a pseudo-differ’-

c-r al operator 
~~~~~~~~~~~~ whose s~~bol satisfies ~Ii . i)  for

each value of (y , t ) .  - -c will also prove tire following a n a l— -n e  of

i~ rding ’ s inequality.
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~1’ ‘Ire mmy ~’~Lo1 B 
1
y.a , - ,c , m~ s a i :f i es  , i.. 12~ ‘n- r en - i.

• ‘a lc;e m ’f - ,:, n - ) .  ‘ h e m we cax : mc odi f y F so than- for I _
‘
~~

-

22) e w , w 1 e ( m ) + ~ 
1 

- i i
Ti ;‘- Ti I

,-cid m::om ’a-o’~-’er, if far can-i iy,’. i--he correspondin~ frozen coefficient

pro: lci . of .2’) i~ -well-posed , then

- -~~ - - / ç ~~l 2 .-
~~~~ 2

— .214 :- e -w , a n-. — :l~ 
-

~ 
l

i i  
- 

Ti 
‘
~ 

c2 T 1

fo r some p : :it i v e  co n s t ant s  a1 and C
2
.

by the frozen :oeffic en: problem of ~~li .p ( ~~ at ~y, t )  we ma can

‘ h e  sys n-en .

a = P c  ÷L p  ,u ~~Ep ~~u- xx 1 xy. 2j k

= ‘ ‘c  LB U 4- 14- V + ~~ V- x k y f x

w i th boundary conditions

u + c  u =‘l y ‘2 k 1k 1

Th 4’ Sv

where n-he coefficients all -are held constant at their values at

(o ,y, t ) .  We also need to consider the frozen , coefficient problem

obtained letting y
~ 

4- t : —“ ~~.

—I 

-rn ~~ - ---,——---~~~ --~~~~~~~~~~~~-— ~~~~~~~~~~~~~——— - - - -    
J



sim ;c’ the  al ir !. - we i:m ~VC

- -  v _ -i -
C-- Re (u , ’— ~~~

) ‘ 1

i- e(w , - l w
— I

= i - e (w , i-w ) - i~C ~W , : i, W )
1 

— in-c

1 - - 2 - - -1. . 2 --  2 - m
- — — cc ~w , :-w ~ 4- - ÷ - - - - “ ii
— 2 I I ‘ l~~ 2 I

~~~ ( I D ~~
(
~ - T u - S  v ) 1 2 Ig ~~ 

~~i ;~~~ 2 ÷ 11L 1a ~0 1 ~ 2 I - 1 - - 1 1 “2 I

K :1( 1~~~’1~~ 
- g2 I~~) + 

- 
n- - i l  + I F~ 

-

~~~ 
4- c ( I b ~~~~~ n - l~~~ ‘ . v ~ 

- ~ 12) -

1-Ie use

- :2 - - -2 ~~ . -1 2
w -  ~~~-u - - - - a

‘1 / - 1  1

<~~~~~~ - R e :. : )  ~~Pe (u ,II 1u )  ) ÷ c i i v ~~ 
H

1 x x~~ ‘1

and

+ l n -
l,

~
’ l

~~~ i~~~~~~(H ~~~ 
+ v l ~~

) . 
C

Then for Ti o 
suf m i I lj large we have for all 1 > i~

( 14 . 13 ) i- e cu ,b a )  n - - e ç u , h~~ u )  ~~~~~ ÷ u l~ I~~~u~ l~ 
- v I ~

c(I: ’~- 
2 

+ I 
2 

+ ~~~~~~~ 
- 2 + I F 1l 2

— 11 -- ‘ l i  2 i

:,e have proved :

I5 ,eor enr C . : .  If  for  each frozen coef f ic ien t  problem of 1 4 . 2 ’) ‘ I er r  are

rio eig en so 1mmH ior~s of ei ’ir er parabolic or hyperbolic type . t h en  )i .2~~ is

C-well-poscri.
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5.1 . . ~~~r~~- J - .-~-ell-posedness.

Ir: this chapter we consider -a, alternate den-W r ition of well-

5a ’eiaess for tire equations (14.1-14.13).

b m o t i va te  n -ic e d i scuss ion , we consider the heat e :uation on a

a 1
:mmm o ot h , b oar ded d o m h i m~ 2 c

(5 . l~ u~ - C :n H -‘ - [ I ,= )

u = 0  at n - = 0 .  -

I ’here are two natural boundary condi tions that  are considered.

11cc Dir ichlet  boundary condi t ion

( 5 . 2 )  u = g on an- . ~~- [ - ~ ,~~)

and the iieczn mun-n boun dary  cond in -  ion

v u  = g on 0: ‘~ [c - ,.

For the Iieumann problem one can estimate the  14ra.d ien t -  of the

s o l u t i o n  on , for example,

- - a ~ l u L  ~ C ( a t 2 ÷ 1 d um n )  .
- 

1 1 ‘ 1 I

iran- for the Dirici-ilet pr~’: I ’ m:. one cannot es: im-n ’ -e the ‘radi an-it of the 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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tic te~~~.m of the m ’ s ’ :. : of the data.

I m re  poss ible  st i m ’ in -e  for’  ‘~he hi r hi -mic le n - prob lem-. is

-
~~~ 

— - ~2 , - I -  2 , ,  2 C 2

V t  u- ÷ 1 , -u 
~~t 

÷ U i
1 

< - -~ g + 
1

~~ ~~~
‘ C , and C -lepem il: on n-he distance hetweer . -

, and

“
~~. . (F :ua ’j o n  (5.5) follow s from our results of Shari-er VI , and ~5. L

follows fr-sm : ‘ - c  -.Ii-~’n-rpem ce n-ne-n-x e-n nrrd the theorem:  of tin- c n--c cc .

The e:t imr. ’a ’ ’ m’  we ob n - a i m ;e d  in  l ’ ~p ’ or IV arose from tr ’can - incm’ ’cmc-c

n - c -  n-i-darn- ’ conditicmns ‘in- hi r ~hle~-
_
~

1,Te car,din-ions . In-ow we examine vice -ri -

one n - ar .  ge s t ronaer  es ’ Lm , at-r : ~n ’Jolv~ rr 14 the g r ad i en t  —n-p to the  t orn -i -da r n - ’.

To do tin - 1 - we pro-ce-ed as ia D-~- D  ‘— r IV. up to th e  po ’Ir :  where  we -cor -.ve-r ed

n - he  sys t em of or- dimc’ r - . d i f f e r en t i a l  e :uct ion s in x to a f i r ’ . t orde rp -

system . th en we i nt r o d u ce  as our new -leper. in - mi - n - variable

w = Q= (~~~~~ 
-
~~~

lIe-ale-sting lower order terms we obtc imc the following system analor’ ou ; -
‘

‘:-o -h . f l ) .

;n- 11~w , s )  
~2 

(W , s ( 0

0 2c ) 

w ~~~~ 

r

4-

p

14 °

—- -- -- —--~~~~~-- —-~~~~~~~~~~~~~~ - ‘-‘—~~~~~~~ - . - - -  _ _
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-

~~

~~~ 

= O =

~~~~
:2

0

n-

m

Il T 

C ’)

= - 

~~p_ i .~~~~~~~~~~) -

We see tl,n-t we ob ta in  a, s ln - stem s i m i l a r  to 14W . ) , -t m- i - cen t  n-h- a t no.-:

is upper’ b lock  ‘ r i a a~-- J- :r in s t e a d  ~f lower : 1cc-k tr ar .gular as

- , s ) , and s i m f i - c r i - , for  n -he  b :-undar-i o p e r at o r s .

-fe d e f in e  :-well-posedr-,ess for (5 . ” )  as w-. dId f-ar 14.14), n -ir a ’:

is , (5.”’ is s-well—posed if n-he-re are cor.s’:ants i’~ and 1, such n-on-n-

m -ar Ti - ‘1

- - , - -  2 — , 2 -2 - 2(~ .7) se cU u 1l - H )  ÷ 1 I v - ÷ lw

=: CC (1141
2 

4-

~pp 1ying n -n i . :  d e f in i t ion  to , 14. 1-P .~~) ‘-nd us i ng cur new normal-

• ma n - ion , we have

Def in i t ion  5.1. The ini t ia l  boundary value pr ot i emn- ~L .i-14.13 ) is stronaly

a-well-posed if n-here are constants 1 and C
0 such that

(5 8) e (  sl~ ) ÷ R e I t o , Y \ u )  4- i~ v 
÷ 

I I s I ~ a 4- r 2

+ l l F ~ 
4- :~~

) 
-ì 1

for all ‘~
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L 1 

2 ,
- c c  

~ 
-j -( ~ ~~s - m D )

to  r - p l a - - m e

~- e ( 1 I u . I - a b e - r u  ,--u - f
1 x :‘: Tl

h,’

:c’ ,n-- ‘1 
n-~ ’~ n- n-i- .

C I  is t i - -  m - - - ’ : - i - - d i d f o r n n n - ’:l -n -p -c r - - o x’ wh ose ;:n-~hol i s

fIn - no’.: defi:.n- two m i- er i c n -mn- : cf ‘c i C e n s o m t m n - i o n : .

Ion .° . r u , i -
0

1 in-i- a s n - - : i - .  - n - ic ’ sm i - ol ,’ ion of p- -r a i n - I l :  n-~,’pe

an - (or , :)  i f  It  sa ’i s f es:

~~~~~~~ a) n- ,~~~ , / 0

b )  ~w . s )  ~ o. i’.e s 
— 

o

c )  su = P~u + ii- r~~ i-
- xx 1 ~ 

a

d l  v = C .

e )  T u  ~- i i ~~~- - c ~~~~; ’ v O .
l x  a 1 0

Hv
0~~

- 0  at x = 0 .

f )  a 14 L° ~~ ‘ r i - u  14

~~~
. ( . , ,‘;~~ i n - -  a ri-m m ci se-mn-solution of i- Tics oi l -c i- cT.-

a ’ (ri ,s) i f ’  j 4  s’,. i s f i e m m

-
) 1
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~~~~ 1 -~ ) ba.’~’ / C

I )  W /  : :

~~) 0~~ P U ’ ~~~h, . 4 - P~~O. ~
i-
~~~~::

ci )  sv 1, v - i s

e )  F a - ii ’  - v 0l x  a 1

a’. x ’-~~~,

i’ i- e r: O , -: is in L2 (l i - h a m . d fcs - e r - C  v I:

is n-he- lirn -i. n- ct ’ 
2 - :c1n ’ ic-ns c~f d ) an - I-e s --.

a is in L°~~iT. ) .
÷

. n- ’clo, ’ous :.o ‘f l . en - r e -m :. 1 4 . 5 .  we b’ rve

Ti-corer :: - .1. 11cc initial :o’ar,d’cry value problem. L .l-W .~~l is s’ rorrcl~

n-—well—posed i f  and co.1~: if it iran - r.o sarong e - i  ‘n- m . :clut lam . : of ci t-her

par ’iboli : or b~~ er: n-li : t ’,Te .

11cc proof of The -cr c’: 5.1 15 ‘rnaiogon: ’ t o t h a f  of - heorem: 14 . 5,

so we will omit it.

The n e x t  theorem t -xr r e :  m e :  s- :m.c r~ I a t i  r : . :  : .“ w oem: the  two t Tes

of well-posedness c on s i d e rr ’vi so f a r  - -n d  i :  he ni -umber of

t - or d mrry com .dI n -i ons involv i ng d -m’ ivat ives  c-f u . ~ 5 ’ - 4 - :  . ssamp ’ 101, 14.1) .

l oosen .1. ‘onsider  - m e  [r i lt i a l  .o~~, 1’ :ri- :alan- P~n- 2 _ mn - + . l — 1 4 .

a )  if b 1 p ,  i t  is alw- .,yn- r- -j  l l—pos ’-d .

b )  If b1 K p, it is ‘rlwa’:m: s t rong ly r -j  11-pr ’:: e - l .

I f  b
1 

p .  ‘ ne- f o l l o w i ng  i i ” - ’ -  s ’ a ’ e m m e m . ’ am ’ . -  e ‘u i v ’ r lem : ’ 

~~~~ - -- ‘—~~~~~~~~—--- 
,
~~~

,- -



1’ Fhe pro ic’ I n -  c -well-p r -

2 n- ire proi lem: 1:: s’ ror:~’11,’ :—wn--ll—po::’rr’i .

3) 1cc doll ow: m . - ‘ wo i 1±1 :, rs ~~. iar’: value pro- : I- - -  ::

well-posed.

(3 . 11) u ‘ -a 4- l~P u F
- - xi--: 1 r’ - ~

‘. a g,’ - . 1

I a  + IIT a = .- u = 0  at ‘ - n -1 x HR ~:,,

n-a = if v  ‘- fn - ç , ,-~~~~ 
+ 5

-
- 2

n-v = 
~~~~ 

v = 0 at t -

:. n- p o in t  out n -ha ’, n -he - ‘so at T n -n -em s in (5.11 ) are a :‘p ’-c ’ :I c ’ - u ’’~

of 14 .i—h . in w h i c h  ‘:11 I c  -co ’:p liri -s term s ‘,r ’rr.lsL . - or ‘ ice tm r :d of

Theorem 5 . 2.  we shall r e - - r d  (5.l 1~ -as a special case of 14 . i_ b . 13 m an d

‘ wel l -posed” for (5.11 ’ me~ucs c--wel l -posed .  A f t e r  the proof we shall

-c cmrm. eri- t or: n - m e  well-posei’:ess of each of n -he sy si- em- s of (1- .ll~

n -n - - para~ e ly.

ir a n - f  of -a) and t~

I f ’  p < then q In- C . hence we can find am . ei ’em:so - l - . : t i e r ,  of’

parabolic n- n--p c at any - : , s ) .  by choosing u = . :or ‘ 1 c m : .  we r iced

only solve

Cv 0~~- h . v0 - u .

T h i s  mean s we have less than : - n - , m t o  i - - m n -  on ‘ i n - -

component: of v0, ‘ad  there i s  always a non - ’ m ’ i v al n-olu ion .

1:4



- ‘a~to—~ - ~~~~~~~~~~~~~~~~~~~~

I :‘ p > t-~~, t he re  is - :lw’o,’: a si - ro ar ’ e m  n -e-! u l U t J  c-i. of n’rperm ci i-c

- c- -pc. 1 f we se ’ v 0, we n -r u st  Sol’:t

P u - ib ~ - p (ur n-n- = 0
O x.x 1 :‘: 2

- C

~~U +‘ iT~~---a = n- for U ’  L x!-l x  2 -

but n -h er o  are less than p n-on-u~dax-1, - -soridit Ions n - m. d th e  solut ion spa -ce

of the  d i f f e r e n t i a l  e mu n - ’ ion is ic- f’ dimension pi- so there is always a

m i - o n — t r i v i a l  sd -ct i c - m r .

1-art c )  of Theorem 5 .2  is Implied tn-’ n - l ie -  f ’cllowlns ‘n-c proposi’: i c : . s .

I r o p o s i t i o mi  5.1. I f  = p.  ‘he  fol.lowi:.g t : rc - : s t an -en -re n ts  are

e14u1 ’T’: lent .

1) :i,ere are ri -c sn-ro ng  eig.ensol’a ions of par— ic - l i : :  ‘~ ‘pc for ~14 . 1- 14 .3~~.

2 )  There  are no ei emr so lun - ion s  of p a r a b o l i c  ,ype- for f14 .  1-1. .3 ) .
3) There are no eigensoiutions of parabolic ‘ ,ypc- f o r  (5.11).

1-ropo sin - f on  5 . 2 - - .  If b
1 

= p, the f c l l o w i r n -  ‘ I rree  s- .a te rn em .  S are e i u i v - -r l em. .

i) There are no strong e igenso lut i ons  of i r t , - pe rt -o l i c  ‘T o  icr  (14 . l_ t . z ) .

2 )  There -are no ein-’ensolutions of hy p e r b o l i c  ~~oc for 14 . l_ 14.~~~.

~
) There -are no eigensolutions of yper~ c-l ie  typ o for  (5.11 ) .

I- rn -of of i-roposition 5.1.

th e  boundary operators , ii , each :‘rse , rn -n -p ‘ I.e p ’ n -  d im e n s i o n a l

space of solutions of

P u + IP nou ÷ (P ~~ - s) u  = 0 , u C L2
~. Pa x x  1 x 2 +

~



- - -—  . - . . - _. 
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— _
~~
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~~~a~~~~

t m ’s :~ . .‘i~
- - n- m. i-iition p is e- :ui’ia iem t ‘.0 en- -i. of toe

f’- . l i c w i : m ’ :‘ ‘ a t o m - i - m s .

i )  - - -r s,  I’-::: - e m ’ e r : n - r - 1 : m ~m , :  c- f p r - - L a  t i-me fe- r r~- .l~14 .~~~• ‘he

i - O  5 . l ’ r r , ’ operator  Ii - i i~~-f- : np - r -
- r i r r n g u la r .

2 : or c- i ce-an-ala’ 10m m: of par -at a i l s  4 - - :pe for  14.. i — i S  .~~) . - on- h our:dar’:

p - n - - i - or is ::io:-k l ower - n - I  m n - - I - t m ’ .

-or  ei e r m s o l u n - i c m - s  of p- : m’-t m oL tn--me for (5.11 ) , 1 1 e I~~- m  dar ,-

- -p n - - a ir  i s  i l o rk d i n -c an a l .

Wi- n--a :1. ‘n-sc - he - we block :: on tI~re mm- -n - li - .  rh agcm.ai. are rear - s c m :  ed by

T a  i i  ~ -u ’n - -,d - a  . ‘he rmom:e:-: i mm ’~~n-c e of e i , ’’’:,soln ’ ton:: n - - c ’,-: ‘ 1 4 -- -.,
l x  2

li-c l oun’iar ’,— c pr - r a  or i n -  m i - c - r n - I  m - m r l a r .  ‘1.:. : i s  ‘ i-en e ~ui w’ r lc-r :~ o each

of ‘he  m a I n  i,i’~~u -m -J : lo-.os  being m o : a m . - -a l-~r . t os  P S- ‘-s m ’c - rc s i  I - - ’ . 5. 1.

‘be proof of - r o p o s i t i a r .  5 . 2  : a tm - I ! - ~r to  ‘ l i - c  n-hour I n -I l l

not  be given .

5 .1 . Parabol ic_and - n-Tp.14~to L c  n -y sn - em:

The followirmo n - l ie - or e -ms for ‘he  m i t  i n - i  o o ’a d ’ -rn -  -J a r- pr — : I -

for parabolic and hyperbolic sys enn - n-re — oa t -W in-ed T m :  ‘ - I c e  p receding

work . f-fe n -n - am ,e ‘hen. here for the sake of mo m - pin -’

Theorem 5 .3 .  ‘he par - mm d i e  m it- i -c l n o-in da r ’- ,- value pro~ 1cm cm: 

---.~~~---- - ~~~—--~~ ~~~ --~~~~‘-—-~~~ -- _—- -~~~~~~~~~~~~ --—-~~~~~~~ 
- --- ‘ -.--

~~~~ 
-

~~~~~~~
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11

U =- P U + P U ÷ n -I - U F ~x ,y,t)

k=l 1k KYk ,i ,k.-i 
n - I ’. 

~~i~~k

i2kUy~~ 
g
1~ y, t )

Th = g2 ij , t )  at x 0

u = 0  at t 0

Is well-posed if and only if there are no nontrivial L
2 1 11- 

÷
‘ solutions

‘ 0 n-he following ordiri-ar-,-- differential e-:uation in

i-or ~w,s) $ 0, and Re s 0:

= P~~ ÷ iP ~n-n-~ ÷ p ~~~~- x x  1 x 2

T~~ = iT •~j )~5 0l x  2
-1 114 = 0

i f  it is well-posed, we have for ~

a 
- -l ~ 2 ~~1 2Re~ u ,-.u )  m - e ( u  , .  u ) ÷ u + — u

I x

~ C~~(~~~~~g1~~ Ig2 I~ 
+ ~1

Also if T = 0, we have

he~ u , I I l S I u )
1 

+ Re~~~u ,EVu l
1 

+ I s I~~
2
uI~ ~~~~ <

We assume in the above that there n-re pre ‘in-el;,’ p boundary

:om:ditj ons , where p is the dimension of u.

:1-c above cond i3 ion for well-posedness is esserm ’ i’i 11 1 - ,- ‘ h a’ ~iven

by tady~enska .hi [ ~3 ] .

I
-’ -



Joan -rem -
_,~~~~ 

(clreiss F ~ I, I - n-in- or: [ i i ) .  The m m ’ r i  ct ly hyp er : oL -:

i n i i - i a l  b oundary value problem on

n
14 V -14, v ~ F — x , n- ’ ,t -n~~ 

~~~

Sv~~~ g at x = 0

v = 0  a ’ t = 0

is well-posed If ‘i-r i d o r l~i if ‘i r e  or d im :mcry d i f f e r e m . ’ ial etu a t i o n  on 2- -

~ 
V • :~ - ‘

has no n o n t r i ’W ’tl L2 (~ - n -oiu~,ior:s for i - C - 
- 
. and for Ic n- ~j .

2 - C
i - i . e-re ar ~ no L I, i~ colutn -on: ;  v to

(s • -v  = i;
~~

v>, I , -- a

:‘ucb tha

2-v • 0 and. v ’ /- 0 n-s 
: 0.

If it well-posed , we have the est imate

‘i v~~ ÷ l v ~~ < c0 ( I g I~ ÷ ~F ~~) ,

I t  is p055: ic to ge n e ra l i z e  ~h: e r on -u i ’ s of - e c t i o n  1 by

‘ 
- 1 2 - . . . . 1decomposing  a as l,u .u ‘ in  wh i- -shi - the estimates or . u n -r n -’ n -fl

n-tro r ,m’ ’ ,Ti’ and ‘hose on u2 
- crc- of ~}ie r c - r i - n -  r n - , - ‘ n-Tn-. ewever ‘ : 1 5

i- - ’ - n-Ire-. -a ’. the operator PU)) decomposes in n-ri - i-prrcpr i n e  f~
-
~& n-~:.

f l i n c e  we have ::cn - : r e st r i ct e d  P U )  I i i -  any way t ey ond the p-a r r i h - o l ’ c i i - ; .

i em ., - he ‘crier-n-li n-n-’ ion does not n-ce-mm: ‘ mp p r n p n i  a ’ r- : ‘ - n - - .

--— - ---- -—  - -—---- —----- --_____________________
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We now consider t i m —  i - m i - i  t i -u  hotit.dary v’ 1-ac pr - c: in-s f o r  r i - i - ’ on - .—

p ie ’ ci ;.’ par at oi l  c sys te n - i - s . “c rewr ‘ n- 1.1) -in-

( u\  ( P - z , t~~n-) A ( z , t ,D )\  (u\

( )=(  ) ( ) — F14n -,t )

\ vJ ~~~~~~~~~ -.,~ z,t.D )J \vJ

n±l
for  z C , : C F  , t a O .

We have n -he boundary conditions

- .I ) T r z ’ , t ,D ) u  + 2-~ z t , t v  =

for z ’ C - t 
— 
0, and init ial  data

u = i , v = 0  at 1 4 - C .

‘he system

u~ = I-~~z . t , P )u

is a second order Petrovskii parabolic system , and the s y s t m -’rn

= 14r z,t.D)v

in- a first order strictly hyperbolic system . A (z,t,D), Bcz. ’ .D1 ‘mmcd

are firs 4 order d i f f e r en t i a l  operator: ’ . All the coe f f i c ic ry f n-

~

. . . -

~

- - - ---- -- - -

~ 
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-cr c ’ assumed to be 14 and 1 4 - m d  to constants  -as - -
~ -= . ‘-‘c n-isa a..ssjrce

t h a t  12 is a bounded open set wi th  2~ boundary.

u r e f t n i ’  i - on -‘ .1. The f rozen coe f f i c i en t  init ial  boundary value pr’cc ie:

for V .l - n-.~~) ‘it s~ , t .  ) , z~ ~ ~mI , t
0 

> 14, is the in i t ial i- ou rdn -r ,’

value pr o :- ln -’m

(~\ ~~~~~~~~~~~~ A (z~~.’. .o) \  (~~~\

F x ,y, t )
\v / , \ B z ’ ,t0

.D) n-.~ z I , t0 ,D ) J  \vJ

with  b on-n-n d.arv condiW ~i ons

T ( z ’ , t 1, D ) u  S r z~~, t~~)v = g(x ,y , n - )

and i n i t i a l  c onditions u = 0, v = 0 at 14 = 0. This is d e f l r . e d  on t b , c -

ri-i - . -rralf-spaee fIR zY ) where the ray x a i- , y = 0 is the ~nw’crd nor’-’- 1

ray to ~14i- -at  z~ and the space x = 0 is the t angent  n - spa - -n - t o

n-~ z t .

The limit ina values of tl- i- e coef f ic ien ts  as t --~ C mu :’, n-iso he

considered, so we will allow ~ = oo as well. We set F 
+ 

= F J a 1 .

I-fe now show that by examining the frozen coeffi cient problc”s - -

via Theorem l-i- .5 we car, decide if  the ini t ia l  boundary value prct lern-

i-f’. l-( .3 )  is well-posed.

I i - i - eore m ~ .1. If the frozen coefficient initial boun dary value p r— h len-i-

an -r z t , L ) is °-well-posed for each ~z’ ,t) F ~~r -  ~ F, ti e-n the W i ’  i - c l

boundary value problem c” .l-(-.3) is well-posed..

59 
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I

- in - n-f’. -

‘~- e  t ake  a f in i t e  open -cov e-n a, ’ [LW ) of n- , and a par’ ition of-

‘.crit n-’ - ç J ) such t h at

~~
) . “c p n - i - ’ c - ~~’

b )  H ’ ( z )  2 
= 1

c )  I f  )J 0 
~ 0 n-her: there is a 0~ map , ‘ ‘ : f ’  -, F sun -h

n
tn-~a’ (-a  n- 0mb ) ~ I-

‘ ct f ’
~~z . t )  - -

- 
‘‘
~~ ) f z,n - ) for n-i-mv ~~nct ior ,  f l z . t 1 . .114cm -i - we have

(~
-‘\ (~~c z , n - , D b  A ( z , t . D )  \ (

~~~~~~
‘

~ 3 =( 3 (
\~ “~ ~~ B~ z , t , D )  z , , rU J ~~ v 

-

÷(
~~ ~t) ~)

wIn-ore 
~ 

is a first order differential operator. “-‘hen ~
f n - n 

~~~

— 
/ ~

we have the boundary conditions

Tb z ’ ,t,I -u m 
+ s(s~.’iv~ = g ’ i- z , t )  — ~~~z ’ , t ) u

‘he-re are now two case: to consider , depending on w hv ct l i e r  0 =

or not. In t l e  case where :~ fl 1: - ~~, we t r e a t  ç ( .5  ‘i-n - a On -ach y

problem for (u ~,v ‘ I . n - o L i n - c  that we c~~n- - m l ’  or t I m e  - ‘ e ’e f f ’ i c l en t s  on

(0 

- - . .-—- ‘-~~~~~~~~--- —- -~~~~-~~~,-—- - _ -_ -
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p the ex’enior of :‘ so ti n -i , ‘ m.d  tend to Cons tan t s  aS 1, ‘

Then from ,~~.l1) we have

- ‘~ ~2 2-
n- .( 

~~~( u ~ a ) -
1 1

- It I .. 14 1 . 2 2
~

m- H a( J , u~~ v ~ ~(:Juii n- v i ,
)

- ~- e (u~~, ii~
’ u )

1

The last ‘ er’: is e s n - i m a ’ ed ‘to: follows . If  F - ( z . t . 1 4  i n -  -a

bounded p s e u d o - d i f f e r e n t i a l  operan- or ,  then

a —
= 

~~
‘. a , i- I) U )

Z . 1

= ~u, i-lI u~~) + cu .~~’ u )
z~1 ‘1

where 2 - ’  is a bounded pseudo-d i f fe ren t ia l  operator . So

fu ~,Rui- u )  < 14~ u~~ c ji’:u
Z — - 

- I

Then using ,f~ n - ) we have, for 1 larg e  enough ,

V .?)  1~ w ’ F 2 
+ I~u i- ii

~ < o (~J : 1 !6 
~~

l o w  consider the case where U~
’
~ fl ~ a-: / /- . -fe rml : a ne e  - c - o r d I i m n - en-

~~ via the map ,~~~. Let

- l

_

~

_ _ _±

~ 

-~~~ - - - — - --- - -~~~~~~~----—.~~~ - -—-.~~~~~~~~~ -.—- -‘— —-~~~~ -. -“—- ‘~~~~~~ —._--——~~~
, 
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1~

- - , = ~ . e n - n - .

as i - m n -  an aUu~ e n-f m i - ot to ion ,

u u 0 , v = ‘~ 
0

J J

i- ’ - : : ,  ie t ir : , ’ x ,y be ‘ice r , ew - a oo rd im , an - e s , x C F 
i-~, we h-a-ic

t m . e  r , i t i a i  : mn- -in -rn- ’ ‘,‘al’ae prob len-i-

(
~~) 

= 

~~~~~~~~~~~ ~

‘

~
:‘.:

~)  C)
(~~ (x ,v .t , D r  ~~(x ,~~. t ) \ / u \

)( ) -“ ff’ - , x , ’ .- , t )

\, ~~x ,y , t — ix ,y, n - ) )  \v J

and n-h e b oia,n-d-ir ’0’ condIt ions

1 _
1~~

T ,t, u
x 

÷ ~~ r~~~~’,t 1u - 2-1~y,
n - )~ = ~~~~

-.- ,t \ +

T ,y .t u + 3 ( y . t ) v =

We can ex end u.v, F’, and y by d e ? i m i l m ,- Ucem to  ~ e zero

outside V’~. 2-imilarly for ‘ ‘m e  - ‘oeffi ‘icr.t r in Ue second operator on

tb ,e r i g h t .  2 - c  - c o e f f i s i e n ’ mm of - - e f i r s ’ n - p ’ - r ’ mt ’ - - r  en the  r ’,cht  and

‘h e -  b oundary condition ‘on- ffic ien - s n-ar, t e cx ’ o:-In --~ to all n-f ~

m d  ~ r . 
, r esp m - - ‘ 2  vel- ,’ , so ‘ t ’ :’ ’ :, -. - - 

• .‘ - .l to ‘n-as’ ‘a_T n-. at- infinit y,

- — ~~~~
, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. ..~~~~~~~~~~~~~~~. 

— .—  
- A
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‘

p

all our a sm m sm:p ’ I n - m : m ’  a i’- sa t i sf ie d . and the m l ’  in - i  i-o ’indar ; ’~’ii-:e

p nma :- iem r emr. -li mr s 3 — wn - - fI i — p a n - - i .

3 ’ c -  ~- .~~
‘ is n- —well—posed we i ,ave t ime  floliowir :i- ’ e s t l m a’.e or. -~~~

p from: 14 . 11 1

- - - - - 
- - -1- - -~- - 2  - i2
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SImilar l:,- we can prove ,

Theoren - .2- . If the frozen c o e f f i c i e n t  i n i t i a l  uomc ,d:~~: value p r ab  len-:

for z’ ,t) is sn-ror.,~ly c-well-posed at each. L-ow:da~ ,-- p-n-in’
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-:-ne r n - t n - r s  t i t a n -  lo p ’- : ,  c: po :5 a pas ’ :.::’: en - .  ur - hn -m :- r:: w i l l  be am , a lan - n - : :
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in - ] .
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in this case we ~;tmall  say p C 2-p if each el-ne-na of p is im ,

The - on-m n en - r am.s f o~~m of u c z )  wil l  be
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-fe ‘ :.e ’m . w r i t e  p ( z , D . 1)  C ‘ - ,.‘p :r:, n - )  aimd pmz ,~~,fl) is ice S~,rm,bol of

p i- z,D,rl).

L o t i - n - e ‘ h i - a t  n- d i f f 1 4 i - r e m :’ - i’r ,l operator o±~ order rt is in

i f  p z , L . l )  E f - . ’- p - a . p )  ‘ I ’ i - e . ,  for each fixed non-zero  value

i- f’ I C I f .  p ( : , ii- . 1) ‘ar: be considered as a pseudo-di f ferent ia l  opera:~-cr

-i-- :o r d i m .  - ‘ o ‘I . e  us-n -al ‘.i eory . h ere-fore, all of the elemn-entar -,’

p r - cp a -n - ’  l e n -  n-f p: ma- ’:n--dii ’ ferer : t ia i  opera ’;ors carry over to pseudo-differ-

-c-ntial  opera or s w i t h  pn-r on-ct er’ . In particular, the - i-sn-n-np ’ o t ic  expan-

:1 on formm .alae fo r  ‘e d :n - I n t n -  am-rd products are exn-,ctiy ‘ h e  sn-ni-c .

“or convenieri --c e we collect i,ere n -b e fox~mulae we will need.

If p ( z ,~~, i )  if ~l p .  , [p i-z,~~,1)) ~~ 
is a set of sy~nbols such

that p ( z ,~~,~~) C ~~~~~~~~~~ (a is a mult i - index ) , and

rn—if  ~-

p ( z V , i )  - p~ i- z ,~~, i)  C n-p .,
O l a ! ’. i -  -

for eve-rI: 14 0, then  we write

~ ~~~~~~~~~~

and -mal l  it an asyrnp ’ o ’ i - m  exp -e sion for p(s-~~~, i ) .

P i - z , D , i )  is Hi-c a d : o in n -  of F ( z , D. 1 1 def ined l’y
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u hem. -.-n - ‘ i r e- i - m i - i - n - l e n  ‘ r ’c m , s fh - r~- of u i - c  and n-i- - ‘tp I m i -  - ‘ -  ‘

i n  ‘ , tb. e dual ‘car l -m u l e s  b e - i n n -  n-i- am :d 1 * in , r’- -n -p - :‘.I’,’ely.

I n :  n - b e proof of ,
~ rd I m. , ’’ s I n i-en -n -all ay we n-m i ii mi - ca d n-c- - .:m€ -

-an-un-ic s n - m i - m i - n - is .

a !H’Tr m i t i -cnm 7. 
~

- . p ~z,~ 1,1) C l I p if for n-li nmruiti-im,dlce ::
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.- e f i m i - 2 -~ 2-on 7. 14. f I , e  n -p o r n - i - o r  p (D , z .D , ~~) I n -  defi: ed n-n-’

(P (D ,z ,ii- ,~~(u ’ (~ 
I

~~ 3 -n/ o p (~ 14
, z .~ 1.1 i- e 1 

~~~~~ -J~~ dz

P ,z,D,1) -sar i- be th oun -L t of - i-.s f i r s t  p c -cf m l :  ~ 
- he

d i f f er e n r t i a t  i - a rm , therm t i r e  z n ca i t ip l i -c ’ut  T o m . ,  :m: :d 2-i m ail . - n- i -,e

d i f f e r en t i a ti on .
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It can be sho~~ tha t  P ( D , z . D . I ) i s  a pi -ceu do-di 2 - fo r e -n , ’ in-i

operator in i-n-p (m
1
+m
2

,r - with symbol p i - z .~~,1 1 where
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~~~’ ~~ D~ D~ p 1~,
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2 1/2 ]
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~~~~ 
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Lc m m~~’c 7. 1. 2-f PmZ, i- . .T .I \ satisfies p,z , i -- ,c 2- T . C l 1 = , p - z , .T ,I )

for p~~~~i and L i --I 2 
~ T I  

~ I lan- i -c ,  then p (z , - , T .1 C - p ~~, if

0 -and p (z.-~~~.1
1 

~~~~~ 

m m / i -- 
~~ m ~ C.- 
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• . - D p ) ( z . s r ’  m - I c j -~~I~~I D ’,h’ p ( Z , , : . T ,l )
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~,i - i -
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~ + 1 1
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n-c- lemma follows n an - mi- , -’.
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A P H T : D ;X

In thir~ appendix we present a few examples to illustrate the

use of the results of this thesis. The first four examples treat

constant coe f f i c i en t  problems on a half-space. The f i f t h example

i 11u s~~rat •es Low ‘o deal with variable coe f f i c i en t  problems on a

bounded domain with smooth b oundary .

or each example , the quantities u, v,v1, ‘7 will he scalars

and for ‘he half-space we will take F~~ ((x ,y):x > 0, y ~ F).

::ar:~~1o 1. The eruations are

U = U  4 u -~~av
‘- xx yy

v = b u  ~
- vx x

The bo~~idary condi t i_ on is

k1u * k2
v = g~y, t~

We will use Theorem 14.5 to establish well-posedriess. Lote that we

have one boundary condition since p + q = 1 * 0 = 1 cAssumption 14.5~ .

a) We first check f~r parabolic eigensolutions (Definition 
1~.5 ’ .

Tf  (u,v0
) is a parabolic eigensolution , then v0 

= 0 s ince  =

The equation for u is

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

ii



no u - a~xx

~~~ so

-~x 2 \l/2u = u
0
e , o = ( w  + s ~

a - mus be non-zero and sarjsfy

k1u1 k2~ 0 = 0

if it is an eigensolution . he see that there are no eigensolutions

of pa r a~ c1io t~~ e if  and onl~ 1 
~ 

/

• -Ie uw ohe ok for elgensola oro of h~~ erbolic t~~ e (Defi nit ion ~~~.

I t  a , : ’ s a ::.pernol ~ c e oersolution , it satisfies

0 = -

xx

s v = r u  ~~vx x

i’he L° i~~~) solutions are

-1w Ixu e

______ -k~lxv = -  u e
S ~- (t~ 0

The boundary condition is

bk1u0 
+ k2 (- 

~ ~ a - !  ~~~~ 
= 0

Assuming that k1 ~ 0, we have

9(1

_ _ _ _ _ _ _ _ _ _ _  _ _ _  _ _ _ _



- -- 
- __:~~—~ - ~-

I
s= (~~~b _ l )  W I .

P e s ~ 0 ~f ~~d onl~i if - e ( k 2/k 1
)~ > 1, and so he ~vs~ em i5

a-well-posed ~f and only if P e ( k 2/k1
}b < 1, with k1 / a .

Example 2 . U U + U

= 

~ 
(:~÷(~ ~

) (:~
) C)

with  1-oundary conditions

= o1(y , t )

a kv = ~~~

he will use Theorerr 1~.5 again and note that Assumption 14.1 is sa isfied

since p = 1 and o = 1.

a’) if (u,v0
’
~ is an eigensolution of parabolic type, then

and u sa-isfies

s u = U  ~~~~~~

We have u = u0e and the boundary conditions are

97
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1 0

+ k 0  = 0

here are obviously no parabolic eiger~solutiofls.

An eigensolution of hyperbolic type must solve:

0 = u  - W 2u

~ (:) 
= (: :) c~ 

+ C ~:) (:~ 
+ C:) ~

it is  eas i ly seen t1~a.  the soluthor!s are

- I w i xu~~~r e

E~
) = e~~~ ~~~~ (

~
) e 1~~~

for s ~ 0, and when S = 0,

(v1\ 1 i -~‘n~x b (~ \ I ~~° \ 1 -~w~ x

~~ 2) 

= VO 
~~~ ) 

e + ~ u~ 

~ 

+ 

) 
xj  e

We have set ?\ = (w2 
* ~2 ) l/2 The boundary condition for s / 0 is

98
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p

in - lw b
V ‘ U 1)

0 ~ 0
* S

u * k (_ ~’ v0 
blw~(s-H) ~r) 

= 0 .

Solving for s, we have

+ ~2 ) ~ H k~Ikb = 9 ,

or , sin-c e U) 
~ 0,

A

+ 1 = -~ l ÷ kb)

• We obtain  th e  same equation for s 0. The map z — 
~ 1

aaps the plane e z > 0 onto itself , so we have that he sy st em

is a-well-posed if  and only if

P e( l  f kb ’  a 0.

•:e now presenr two examples illustrating the use of Theo rern ~~~. 1

for strongly a-well-posed systems.

Example .~~~~ We ake ‘ he  equations

u = u  ÷ u  t- avt xx yy y

v = h u  - vt x x

with boundary condi ‘ions

9)

4-
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u + “1’ = g
1 y , t )

u h2v

ho se th at  Assumption 14.1 is sat isf ied.

~~ ~ ~c.v~
) is a strong parabolic eigensolution ~Deuinition 5.2),

thea

u = u(e ’
~ (~ 

= (w~ 
\ 1/ (~

and

-cu , ‘ ~~~~

iou0 
+ 11

2 ‘0 
0

I f  i 9 = 0 we have an eigensolution with w = 0 and V~ =

0
h 2

S = - U)~~(l + ~
_
~~) )
‘2

he see that there are no strong eigensolutions of parabolic type

if and only if

h2 ~ 0

h 2
R e (~ -~

) > -l
2

hI ‘Thecking for strong eigensolutions of hyperbolic type (Definition ~~~~

we solve
0 = u  -W 2u*aiwvxx

sv = -v •x

100
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p

‘he solutions are
p 

-sy-V v~ e

air — sxU = ‘I c  - 
2 2 v0e

s — a )

when / w~~, and

aicuU u 0e

when s = w I .
The boundary conditions are satisfied if

‘he “ k” si~ ni depends on the sign of (a. The system is :‘ ron -i ;:

cr _ well_posed if’ and only if all of the following are sanisfied

h2 ~ 0

h 2
Re(—~

) > -1,h2

Re a 
< 1 ,h2 

- ih i
and

Re a
h

2 - i h
1
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~~~~~~~ We take ‘-he nam e e ru an :ons as in Example 2.

u :~- ~ 
I- V

(:Y( ~~ C: :~ ~hu r  w ith  ‘he  b oundary conditions

1 1
U * V =
x 1 —

2 2
U + !-1,,V =~~~~~r

I ’  s ean~: to see tha t  the condition that no strong parabolic d yer-

solarh or n exis ’ is h1 / 0.

f (u,v t is a strong hyperbolic eigensolution,

-k°I xu = u9e

= v0 e~~~ , = (w~ ~2 ) h/2~

The boundary condition is satisfied if

h
S ÷ ?~ = 

~~~~~ 
w i ,

1
or

s I s 2 h2
i~i

÷
~~~~~i ’) ÷ 1 = ~~~
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z —  w = z ~~ ~f~
2

~~~~i maps ’he plane i - e z > 9

onto I. e region ~e w > 0 , w I > 1. Thus the System is strongly

c-well-posed i f  and only if

L ] j0 ,

1h 2~4-— I < 1.
I 
h l

:or oar fifth example we apply the results of hxa r ples 1

arid

I x’ucple 5. he take 0 to be ar annulus in

< r0 < r < r 1, 0 < 8 < 2~~)

and our equations are

a r ,8,t) ~~U = • u ’ -
r

, ( ‘U OV
= -t~r,’ ,t r  ~~

— -
i’ ‘i’

i’or our boundary conditions we take for r = r 1 ,
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I

Ur ~~~~~~ v — y~

1 , - o~“ U,, - “ ç (~t~’, ‘, ‘ V - - t ) ,o
-and for r

‘U ‘- k 9 ~~~~~ v

c o:rn ,e ‘ ha ’. all oo e ff i  ~~er ’.n ‘ end no cor ~sn ant s  as t -~~ = . l A n e  - a’ n .

r :~ ri’ d nines - r n  ‘he no ’ at  ion of Def in i’  ion ~ .1.

ram Examples 1 ar d ~ we nave suffi nlent conditions for 1 e

s - - n ’  er , o cc well-posed:

~ Cr -•

k ~8 , t )
I e  

[
~

2
~e t ~ b ( r

1
,~~,t) < 1

h
2
(8,t) / 0

[(h1
(e ,t ”\

2 
1

Re 
J (~~h2

e~ t~
) j 

> -l

r a~r 1 ,P , n )  1
Re 

Lh 2
(6 ,t i  ~ ~~~~~~ j 

< 1 ~

a(r  E , t )
Re 

[h 2 (e ,t
0
~ ih 1(P ,t ) ]  < l~

and these inequalities must also be satisfied in the limit as t

Using the techniques of’ Chapter VI we obtain the estimate

io14
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p

- 9  -2 - 2  2 2 2
u - 

‘- v -
— ~ 

- u , ‘ v -• uI

0 , 2  0, 2 1s 2
c’ ~ i g  I ,

— l~ 1,r=r0 2 1, r=r 0
where

= 1(r ,~~) :r 0 < r < 
~~~~ 

-
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ihe ~auchi, pr ’oLlem for incompletely parabolic systems is well-posed and by
b eau s o: the ener~ J method we prove existence and uniqueness of the solution.

ihe method we use for the init ial  boundary value problem is similar to that
use~i ‘u~ ~r’eIss for strictly hyperbolic systems. We first treat systems with
co nst an t  coeth ’ic ients  on a half-space. The boundary conditions are linear
cumbina ’ ions ot’ the dependent variables and many contain f irst  derivatives of
the variables of parabolic type . We obtain necessary and sufficient conditions
n o r  the initial boundary value problem to be well-posed when the coefficients
are constant and the domain is a half-space. The appropriate norm involves
wci k1’~inig factors which accomodate both hyperbolic and parabolic variables.

lkii ,’ well-posedness is equivalent to the non-existence of eigensolutions.
Eigerxsolutions are solutions to simpler problems than the original incompletely
parabolic initial boundary value problem. Eigensolutions are of either
parabolic or hyperbolic type and their presence indicates that the solution
does not depend continuously on the boundary data in the appropriate norm.
The conditions for the non-existence of eigensolutions are essentially algebrai
in character.

‘.he also consider incompletely parabolic systems with smooth coefficients on
bounded domain with smooth boundary. We show that the initial boundary value
problem is well-posed if certain constant coefficient problems on half-spaces
are well-posed. This is carried out using freezing arguments which utilize
G&rding’s inequalities for pseudo-differential operators.

In the final chapter we develop a theory of pseudo-differential operators
that depend on a parameter . This theory is used to prove the necessary
G&rding ’ s inequalities referred to above .

In an appendix we present some illustrations of the use of the methods
presented in thi s thesis.
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